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INERTIA GROUPS AND SMOOTH STRUCTURES ON
QUATERNIONIC PROJECTIVE SPACES
SAMIK BASU AND RAMESH KASILINGAM
Abstract. For a quarternionic projective space, the homotopy inertia group and the
concordance inertia group are isomorphic, but the inertia group might be different. We
show that the concordance inertia group is trivial in dimension 20, but there are many
examples in high dimensions where the concordance inertia group is non-trivial. We extend
these to computations of concordance classes of smooth structures. These have applications
to 3-sphere actions on homotopy spheres and tangential homotopy structures.
1. Introduction
The study of exotic structures on manifolds is a topic of fundamental interest in differ-
ential topology. The first such example comes up in the celebrated paper of Milnor [22], in
examples of manifolds that are homeomorphic to S7 but not diffeomorphic. This inspires
the definition of the set Θn of differentiable manifolds homeomorphic to S
n. These form a
group under connected sum and are related to stable homotopy groups in [17].
One defines a family of structure sets for any differentiable manifold M , which are denoted
as SC(M) for various equivalences C. The smooth structure set is the set of manifolds
homotopy equivalent to M modulo the relation given by diffeomorphism. One may also
consider other structure sets, such as the set of manifolds homotopy equivalent to M with
the relation given by homeomorphism. Along with homotopy equivalence, homeomorphism
and diffeomorphism, one also considers equivalences given by piecewise-linear isomorphisms.
A possible way to change the smooth structure on a smooth manifold Mn without chang-
ing the homeomorphism type is by taking connected sum with an exotic sphere. This induces
an action of Θn on the set of smooth structures on M . The stabilizer of M under this action
is the inertia group I(M).
This paper deals with computations in the inertia groups of quarternionic projective
spaces, and associated computations for smooth structures. Computations in the inertia
group are known for certain products of spheres [28], 3-sphere bundles over S4 [33], low
dimensional complex projective spaces [15, 2]. However, there is no systematic approach
for computing inertia groups in general, and many problems are still open.
One also makes certain analogous definitions for a differentiable manifold M , such as
the homotopy inertia group and the concordance inertia group. These groups are the same
for spheres and complex projective spaces, but for HPn, the homotopy inertia group and
the concordance inertia group are the same, while the inertia group may be different from
these. It follows from [1] that the concordance inertia group is trivial for n ≤ 4, while [11]
demonstrates that the inertia group of HP 2 is non-trivial. In this paper we prove that the
concordance inertia group of HP 5 is trivial. On the other hand, we observe that in high
dimensions there are many examples where the concordance inertia group is non-trivial.
We follow up computations in the inertia group by computing the set of concordance
classes of smooth structures on HPn for n ≤ 5. For n = 2, this was computed in [11],
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where it was shown that the concordance classes are given by taking connected sum with
an exotic 8-sphere. For HP 4, the same result is proved, but this does not hold for HP 3.
For HP 5, there are 48 different concordance classes. We also relate the concordance classes
for HPn to tangential homotopy structures, so that these computations also imply results
for tangential homotopy structures for n ≤ 5.
Computations in the concordance group allows us to discuss free smooth actions of the
unit quarternionic sphere on homotopy spheres. The study of such actions has been of
considerable interest. The orbit spaces of such actions are always homotopy equivalent to
HPn. We explore such actions such that the orbit spaces are PL-homeomorphic to HPn,
and prove that for n = 2, 4, no such action exists on a non-trivial exotic sphere, while for
n = 3, there is an exotic 15-sphere which supports such an action.
1.1. Organisation. In section 2, we introduce some preliminaries on the inertia group and
make computations for HPn. In section 3, we compute the set of concordance classes of
HPn. Section 4 deals with applications to 3-sphere actions on homotopy spheres and Section
5 deals with applications to tangential homotopy structures.
1.2. Notation. Denote by O = colimnO(n), Top = colimnTop(n), F = colimnF (n), PL =
colimnPL(n) the direct limit of the groups of orthogonal transformations, homeomorphisms,
homotopy equivalences, and piece-wise linear isomorphisms respectively. In this paper all
manifolds will be closed smooth, oriented and connected, and all homeomorphisms and
diffeomorphisms are assumed to preserve orientation, unless otherwise stated. We use the
notation Sm for the standard unit m-sphere in Rm+1, and while making computations in
homotopy classes, the notation Sm for a space homotopy equivalent to Sm.
1.3. Acknowledgements. The research of the first author was partially supported by
NBHM project ref. no. 2/48(11)/2015/NBHM(R.P.)/R&D II/3743, and that of the second
author was supported by DST-Inspire Faculty Scheme (MA-64/2015).
2. Inertia groups of quaternionic projective spaces
In this section, we make some computations in the inertia groups of HPn. We show that
the concordance inertia group is trivial when n = 5, but non-trivial in many cases in high
dimensions. We begin by recalling some preliminaries on exotic spheres and inertia groups.
Definition 2.1. (a) A homotopy m-sphere Σm is an oriented smooth closed manifold
homeomorphic to Sm.
(b) A homotopy m-sphere Σm is said to be exotic if it is not diffeomorphic to Sm.
(c) Two homotopy m-spheres Σm1 and Σ
m
2 are said to be equivalent if there exists an
orientation preserving diffeomorphism f : Σm1 → Σm2 .
The set of diffeomorphism classes of homotopy m-spheres is denoted by Θm. The class
of Σm is denoted by [Σm]. When m ≥ 5, Θm forms an abelian group with group operation
given by connected sum #, and the zero element represented by the equivalence class of
Sm. M. Kervaire and J. Milnor [17] showed that each Θm is a finite group; in particular,
Θm ∼= Z2, where m = 8, 16, and Θ20 ∼= Z24.
Definition 2.2. Let Mm be a closed smooth m-dimensional manifold. The inertia group
I(M) ⊂ Θm is defined as the set of Σ ∈ Θm for which there exists a diffeomorphism
φ : M →M#Σ.
The homotopy inertia group Ih(M) is the set of all Σ ∈ I(M) such that there exists a
diffeomorphism M → M#Σ which is homotopic to id : M → M#Σ. The concordance
inertia group Ic(M) is the set of all Σ ∈ Ih(M) such that M#Σ is concordant to M .
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Note that Ic(M) ⊂ Ih(M) ⊂ I(M), and these might not be equal [29, Theorem 2.1]. For
Sn or an exotic sphere Σn, all these groups are trivial. For the space CPn, these groups are
all equal [12].
The groups I(M) and Ih(M) are not homotopy invariant. One has I(S3×Σ10) 6= I(S3×
S10) from [16, Corollary 2, 3], while from [6] one notes that Ih(S1 × CP 3) ∼= Z/7, but for
certian 6-manifolds P 6j ' CP 3 for j ≡ 1 (mod 7), Ih(S1 × CP 3) = 0. On the contrary, the
group Ic(M) is indeed homotopy invariant, and we recall the formulation below.
Definition 2.3. The set of concordance classes of smooth structures on a topological man-
ifold M is defined as
C(M) = {(N, f) | f : N →M homeomorphism}/ ∼
Two homeomorphisms f : N → M where f0 : N0 → M and f1 : N1 → M are related by ∼
if there is a diffeomorphism g : N0 → N1 such that the composition f1 ◦ g is topologically
concordant to f0, i.e., there exists a homeomorphism F : N0 × [0, 1]→M × [0, 1] such that
F|N0×0 = f10 and F|N0×1 = f1 ◦ g.
We note from [18, p. 25 and 194] that C(Sn) ∼= Θn ∼= [Sn, T op/O], and C(M) ∼=
[M,Top/O]. There is a homeomorphism h : Mm#Σm → Mm (m ≥ 5), which induces
a class in C(M) denoted by [Mm#Σm]. Note that [Mm#Sm] is the class of (Mm, Id).
Let fM : M
m → Sm be a degree one map (which is well-defined up to homotopy).
Composition with fM defines a homomorphism
f∗M : [S
m, T op/O]→ [Mm, T op/O],
and in terms of the identifications above , f∗M becomes [Σ
m] 7→ [Mm#Σm]. Therefore, the
concordance inertia group Ic(M) can be identified with Ker(f
∗
M ).
In this paper, we are interested in the inertia groups of HPn. One notes from [13,
Corollary 3.2] that Ih(HPn) = Ic(HPn). On the other hand, the inertia group of HPn
may be different from this. For the concordance inertia group, we use the homotopy-
theoretic description above for M = HPn. In [1, Corollary 3.4.], it was proved that f∗HPn :
[S4n, T op/O]→ [HPn, T op/O] is monic for n ≤ 4, and hence, the concordance inertia group
of HPn is trivial for n ≤ 4 ; for n = 5, the concordance inertia group is shown to have
2-primary component of order at most 2. In contrary to the concordance and homotopy
inertia groups, the inertia group of HPn has a non-trivial element even for n = 2. In [11,
Theorem 1.1], it was proved that the inertia group of HP 2 is isomorphic to the group of
homotopy 8-spheres Θ8 ∼= Z2.
In this paper, we show that the inertia group of HPn is non-trivial in many cases. For
this, we prove the non triviality of the concordance inertia group of HPn by using the
computations of the stable homotopy group of spheres. The first unresolved case is n = 5
where we prove that the concordance inertia group is trivial.
Theorem 2.4. The homomorphism f∗HP 5 : [S
20, T op/O]→ [HP 5, T op/O] is monic.
Proof. We proceed as in [1] by considering the map Top/O → F/O and using the fact
F/O(p) ' BSO(p) × cokJ(p) from [21, Theorem 5.18]. The splitting is as H-spaces if p is an
odd prime. So, we have a commutative diagram
[HP 5, T op/O](p)
α′ // [HP 5, F/O](p) [HP 5, CokJ(p)]
β′
oo
[S20, T op/O](p)
α //
f∗HP5
OO
[S20, F/O](p)
OO
[S20, CokJ(p)]β
oo
f∗HP5
OO
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We know from the results of Kervaire and Milnor ([17]) that α is injective and has the
same image as β. Therefore, in order to prove that [S20, T op/O]→ [HP 5, T op/O] is monic,
it suffices to prove that [S20, CokJ(p)] → [HP 5, CokJ(p)] is monic for every prime p. As
pis20
∼= Z24, the primes we need to consider are 2 and 3.
We start with the prime 2. Consider the diagram
{S17, CokJ(2)}
q∗

{ΣHP 4, CokJ(2)} // {S20, CokJ(2)} // {HP 5, CokJ(2)}
The bottom row is part of the long exact sequence for the cofibre S19 → HP 4 → HP 5, and
the vertical map is induced by q : HP 4 → HP 4/HP 3 ' S16. In [1, Lemma 3.2], it was
checked that q∗ is surjective. The composite
{S17, CokJ(2)} q
∗
→ {ΣHP 4, CokJ(2)} → {S20, CokJ(2)}
is induced by the map α : S20 → S17 whose cofibre is the space Σ(HP 5/HP 3). We note
that the mod 2 cohomology of HPn is given by the ring Z/2[y]/(yn+1) with |y| = 4, and it is
easily computed that Sq4(y4) = 0. It follows that the Hopf invariant of the attaching map
α is 0, and hence α = 2α′ in the group pi20(S17(2)) ∼= Z/8. As 2{S17, CokJ(2)} = 0, we deduce
that α∗ : {S17, CokJ(2)} → {S20, CokJ(2)} is 0. Therefore, the kernel of {S20, CokJ(2)} →
{HP 5, CokJ(2)} is trivial.
Next we consider the prime 3. We have the map F(3) → CokJ(3), and CokJ(3) is a
summand of F(3). Therefore, it suffices to show f
∗
HP 5 : [S
20, F(3)] → [HP 5, F(3)] is injective
on the classes which come from cokernel of J . Finally, these homotopy classes may be
computed using a single path component of F and thus these may be computed using
Ω∞S0, the infinite loop space associated to the sphere spectrum. Thus it suffices to compute
f∗HP 5 : pi
s
20⊗Z(3) = {S20, S0(3)} → {HP 5, S0(3)} as all the classes in pis20⊗Z(3) lie in the cokernel
of the J-homomorphism. As in the case above, we compute {ΣHP 4, S0(3)} and prove that
it is 0 using computations in [27, Table A.3.4].
We have {ΣHP 1, S0(3)} = pis5 ⊗ Z(3) = 0, and therefore, the exact sequence
{S9, S0(3)} → {ΣHP 2, S0(3)} → {ΣHP 1, S0(3)}
together with the fact pis9⊗Z(3) = 0 implies that {ΣHP 2, S0(3)} = 0. Next we have the exact
sequence
{Σ2HP 2, S0(3)} → {S13, S0(3)} → {ΣHP 3, S0(3)} → {ΣHP 2, S0(3)}
in which the right hand term is 0. The group pis13 ⊗ Z(3) ∼= Z/3{α1β1} from [27, Table
A.3.4]. For computing the term {Σ2HP 2, S0(3)} we note {Σ2HP 1, S0(3)} = pis6 ⊗ Z(3) = 0 and
thus {Σ2HP 2, S0(3)} ∼= pis10 ⊗ Z(3) ∼= Z/3{β1}. Thus we have the diagram
{S10, S0(3)}
q∗∼=

{Σ2HP 2, S0(p)} // {S13, S0(3)}
such that the composite computes the map in the exact sequence above. This is induced by
the map S13 → S10 whose cofibre is Σ2(HP 3/HP 1). We compute the mod 3 cohomology of
HPn as Z/3[y]/(yn+1) with |y| = 4, and so for the Steenrod power operation P1, P1(y2) =
4
y3. As the operation P1 detects α1 in the stable homotopy groups of spheres, it follows that
the map S13 → S10 is a non-trivial multiple of α1. Therefore {Σ2HP 2, S0(3)} → {S13, S0(3)}
takes β1 to α1β1 and is thus an isomorphism. Hence {ΣHP 3, S0(3)} = 0. Finally from the
exact sequence
{S17, S0(3)} → {ΣHP 4, S0(3)} → {ΣHP 3, S0(3)}
and the fact that pis17 ⊗Z(3) = 0, we deduce {ΣHP 4, S0(3)} = 0. This completes the proof of
the theorem. 
From the above result, we have the following:
Corollary 2.5. For any two elements Σ1,Σ2 ∈ Θ20, HP 5#Σ1 is concordant to HP 5#Σ2
if and only if Σ1 = Σ2. In particular, the concordance inertia group Ic(HP 5) = 0.
Computations such as Theorem 2.4 have geometric applications along the lines of [1].
We may start with a quarternionic hyperbolic manifold N of dimension 20 which has a
finite-sheeted cover M that have a non-zero tangential map to HP 5. Now from [26, Lemma
3.5, Theorem 3.6] we have a relation between the action of Θ20 on concordance classes of
smooth structures on HP 5 and on the set of smooth structures on M .
Theorem 2.6. There exist twelve exotic spheres {Σi : i = 1 to 12} ⊂ Θ20 and a closed
quarternionic hyperbolic manifold M20 of quaternion dimension 5 such that the following is
true.
(i) The manifolds M20, {M#Σi : i = 1 to 12} are pairwise non-diffeomorphic.
(ii) Each of the manifolds M#Σi supports a Riemannian metric whose sectional curva-
tures are all negative.
For every closed quarternionic hyperbolic manifold N , there is a finite sheeted cover which
satisfies the conclusions for M above.
We have thus observed that for n ≤ 5, Ic(HP 5) = 0. However, this is a phenomenon only
in low dimensions, as it is possible to construct a fairly large number of non-trivial elements
in the inertia groups of high dimensional quarternionic projective spaces. The technique
for constructing these has been used in [2, Theorem 3.9] for complex projective spaces in
dimensions 4n+ 2.
We use the result from [20] : For p ≥ 7 the classes α1βr1γt are non trivial in the stable
homotopy groups of S0 for 2 ≤ t ≤ p − 1 and r ≤ p − 2 (in dimension n(t, p, r) = [2(tp3 −
t− p2) + 2r(p2 − 1− p)− 2]). With these assumptions βr1γt is also non-trivial in dimension
n(t, p, r) − (2p − 3). Note that whenever r is even, 4 | n(t, p, r), and if p - t + r, p -
n(t, p, r)− 2(p− 1).
Theorem 2.7. Suppose that p is a prime ≥ 7, 2 ≤ t ≤ p− 1 and r ≤ p− 2. Assume that
r is even and p does not divide t+ r. Under these assumptions, the map
[Sn(t,p,r), T op/O]→ [HP n(t,p,r)4 , T op/O]
induced by the degree one map HP
n(t,p,r)
4 → Sn(t,p,r) has non-trivial p-torsion in the kernel.
Proof. We note that in H∗(HP∞;Z/p) ∼= Z/p[y], the Steenrod operation P1(yk) 6= 0 when-
ever p - k. Once we assume the stated hypothesis, it follows that P1(y n(t,p,r)4 − p−12 ) 6= 0.
Let N = n(t,p,r)4 and M =
n(t,p,r)
4 − p−12 . We consider the map q : HPN → SN which
quotients out the (N − 1)-skeleton. This is the usual degree one map from HPN to SN up
to homotopy. We deduce that for the map q∗ : [SN , CokJ(p)] → [HPN , CokJ(p)], Ker(q∗)
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has non-trivial p-torsion. From the proof of Theorem 2.4, observe that it suffices to prove
this. We start by noting that q splits into a composite
HPN q1→ HPN/HPM−1 q2→ SN
so that it suffices to verify that Ker(q∗2) has non-trivial p-torsion. The space HPN/HPM−1
has a CW-complex structure described as S4M ∪ e4M+4 ∪ · · · ∪ e4N . Working p-locally and
in the stable homotopy category we work out the attaching maps which are of the form
S4M+4k−1 → S4M ∪ e4M+4 ∪ · · · ∪ e4M+4(k−1) for 1 ≤ k ≤ p−12 . We note that on stable
homotopy classes one has long exact sequences for any X and a cell em attached to X,
· · · {Sr, X} → {Sr, X ∪ em} → {Sr, Sm} → {Sr,ΣX} · · ·
We note that for 1 ≤ k ≤ p−12 , {S4M+4k−1, S4M+4s}(p) equals 0, unless k = p−12 and s = 0.
Therefore the map S4M+4k−1 → S4M ∪ e4M+4 ∪ · · · ∪ e4M+4(k−1) is homotopically trivial
unless k = p−12 . For the attaching map S
4N−1 the map goes down to the sphere S4M , that
is it is homotopic to a composite S4N−1 → S4M → S4M ∪ e4M+4 ∪ · · · ∪ e4N−4. Therefore,
it follows that
HPN/HPM−1(p) ' (S4M ∪ e4N )(p) ∨ S4M+4(p) ∨ · · · ∨ S4N−4(p)
We denote X = (S4M ∪e4N )(p) in the above, so that it suffices to prove that the kernel of q∗3
has non-trivial p-torsion where q3 : X → S4N . The attaching map S4N−1 → S4M must be
a non-trivial multiple of α1 as the operation P1 carries the cohomology generator in degree
4M to the generator in degree 4N , as p - M . Thus X ' S4M ∪α1 S4N . Now we have the
long exact sequence
· · · → [S4M+1, CokJ(p)]→ [S4N , CokJ(p)]→ [X,CokJ(p)] · · ·
where the left map is induced by multiplication by α1. We proceed as in the proof of the
p = 3 case of Theorem 2.4, and use that ImJ(p) is trivial in degrees which are 0, 1 (mod 4).
Thus it suffices to check that the left arrow hits a non-trivial element when CokJ(p) is
replaced by the sphere spectrum S0(p). Here, we know that β
r
1γt is carried to α1β
r
1γt by the
discussion preceeding the Theorem, and thus we are done. 
Remark 2.8. Theorem 2.7 shows that under the given hypothesis, the concordance inertia
group Ic(HP
n(t,p,r)
4 ) has non-trivial p-torsion. Observe that the hypothesis may be easily
satisfied. The first example arises when t = 2, r = 2 which says that Ic(HP p
3−p+ p2−5
2 ) has
non-trivial p-torsion. Specializing further to p = 7 we get that Ic(HP 310) has non-trivial
7-torsion. It follows that in these cases the homotopy inertia group and the inertia groups
are also non-trivial.
3. Smooth Structures on Quaternionic Projective Spaces
Computations of the group C(M) are very important in the study of classification of
manifolds and smooth structures, and from the identification C(M) ∼= [M,Top/O], this may
be computed using homotopy theory. For M = CPn, the group C(CPn) was determined in
[14] for n ≤ 8 by using of the non-triviality of certain elements and relations in the stable
homotopy groups of spheres proved in [34]. In this section, we study C(HPn) for low values
of n.
In the case n = 2, it was proved in [11, Theorem 2.7] that
C(HP 2) ∼= {HP 2#Σ8,HP 2} ∼= Z2,
where Σ8 ∈ Θ8 is the exotic 8-sphere. In the following, we are interested in the group
C(HPn) for n ≥ 3.
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For the computations below, we use the cofiber sequence
S4n−1 p→ HPn−1 i→ HPn fHPn→ S4n
which induces the long exact sequence
(3.1)
· · · → [ΣHPn−1, T op/O]→ [S4n, T op/O] f
∗
HPn→ [HPn, T op/O] i∗→ [HPn−1, T op/O] · · · .
Using these techniques, we compute
Theorem 3.1. (i) C(HP 3) has two concordance classes and therefore is ∼= Z2. These
classes induce the two different concordance classes on HP 2 via i∗ in (3.1).
(ii) C(HP 4) has exactly two concordance classes. The two classes are obtained as {[(HP 4#Σ] | Σ ∈ Θ16}.
(iii) C(HP 5) has 48 concordance classes and as a group it is isomorphic to Z24⊕Z2 or Z48.
Proof. We start by proving (i). In the exact sequence (3.1), we use the fact [S12, T op/O] ∼=
Θ12 = 0, to deduce that
i∗ : [HP 3, T op/O]→[HP 2, T op/O]
is a monomorphism. Since f∗HP 2 : [S
8, T op/O] → [HP 2, T op/O] is an isomorphism and
[S8, T op/O] ∼= Θ8 ∼= Z2, the non-trivial element in [HP 2, T op/O] is represented by a map
g : HP 2
fHP2→ S8 Σ→ Top/O,
where Σ : S8 → Top/O represents the exotic 8-sphere in Θ8. Therefore, the effect of
p∗ : [HP 2, T op/O]→[S11, T op/O] ∼= Z992 on the homotopy class [g] is represented by the
map
S11
p→ HP 2 fHP2→ S8 Σ→ Top/O.
Now we will use the fact that the composition fHP 2 ◦ p : S11 → S8 is multiplication by 2ν2
[10, page 38], where ν2 = Σ
4ν ∈ pi11(S8) is the 4-fold suspension of the Hopf map ν. As
2[Σ] = 0, we have
p∗([g]) = (2ν2)([Σ]) = ν2(2[Σ]) = 0
where the second equality is derived from the fact that 2 commutes with ν in the stable
range. It follows that p∗ : [HP 2, T op/O]→[S11, T op/O] is the zero map. Therefore the map
i∗ : [HP 3, T op/O]→[HP 2, T op/O]
is an isomorphism and hence C(HP 3) ∼= Z2.
Now consider the case (ii), that is, n = 4. We prove that the map [HP 3, T op/O] →
[S15, T op/O] induced by the attaching map of HP 4 is injective. Since [HP 3, T op/O] ∼= Z/2
we work 2-locally. We use the diagram
[HP 3, T op/O](2)
α //

[HP 3, F/O](2)

[HP 3, CokJ(2)]β
oo

[S15, T op/O](2)
α // [S15, F/O](2) [S
15, CokJ(2)]β
oo
On both the top row and the bottom row the maps α are injective and has the same image
as β, so that it suffices to prove injectivity of the right vertical arrow. Firstly we note that
pi4(CokJ(2)) = 0. Therefore, it suffices to compute
q∗ : [HP 3/HP 1, Cok(J)(2)]→ [S15, Cok(J)(2)]
with q induced by S15 → HP 3 → HP 3/HP 1. We use stable homotopy theory to complete
the computation – we assume that the spaces used below are actually suspension spectra
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and we use the notation of stable stems from [27]. We are allowed to do this because the
space Cok(J)(2) is an infinite loop space.
The spaceHP 3/HP 1 is a cell complex with 2-cells of dimensions 8 and 12. As pi12Cok(J)(2) =
0 we have that the group [HP 3/HP 1, Cok(J)(2)] is Z/2 generated by the class c0. From [10,
Page 38], we note that the attaching map of the 12-cell onto the 8-cell is 2h2 and, we also
note that the composite
S15 → HP 3/HP 1 → HP 3/HP 2 ' S12
is 3h2.
Therefore, the map S15 → HP 3/HP 1 (in the category of spectra) is described by a map
φ : S15 → S12 which is ' 3h2, together with a specific choice of null-homotopy of 2h2 ◦ φ.
This means that the pullback q∗c0 is an element of the Toda bracket 〈3h2, 2h2, c0〉. Note
that the indeterminacy of the bracket is pi7.c0 + 3h2.pi12 which is 0 as pi12 = 0, and the
product of c0 with h3 is 0.
Thus it remains to compute the Toda bracket 〈3h2, 2h2, c0〉 which is an odd multiple
of 〈h2, h0h2, c0〉. Now we can compute using relations described in [19]. We note the
generator of pi15(Cok(J)(2)) is h1d0. Now we have the following two Toda brackets : d0 =
〈h0, h1, h2, c0〉 [19, Page 250] and h0h2 = 〈h1, h0, h1〉 [24, Page 179]. We can now make some
manoevres with Toda brackets
h1d0 = h1〈h0, h1, h2, c0〉 ⊂ 〈〈h1, h0, h1〉, h2, c0〉
by [19, Proposition 5.7.4 c]. Thus the above computations imply
〈〈h1, h0, h1〉, h2, c0〉 = 〈h0h2, h2, c0〉 ⊂ 〈h2, h0h2, c0〉
where the last equation is implied by [19, Proposition 5.7.4 b]. Therefore, h1d0 is an element
of 〈h2, h0h2, c0〉. Now, as the indeterminacy is trivial, this must be the same element as the
image of c0 in [HP
3, Cok(J)(2)] which implies the required injectivity.
Since the maps f∗HP 4 : [S
16, T op/O]→ [HP 4, T op/O] and p∗ : [HP 3, T op/O]→[S15, T op/O]
are injective, it follows from the exact sequence (3.1), that the map f∗HP 4 : [S
16, T op/O]→
[HP 4, T op/O] is an isomorphism. Therefore
C(HP 4) = {[(HP 4#Σ] | Σ ∈ Θ16} ∼= Z2.
Finally we consider n = 5. Observe from Theorem 2.4 and (ii) that the maps
f∗HP 5 : [S
20, T op/O]→ [HP 5, T op/O]
is injective and
f∗HP 4 : [S
16, T op/O]→ [HP 4, T op/O]
is an isomorphism. Now we use the fact that the composition fHP 4 ◦ p : S19 → S16 is
multiplication by 4ν2 [10, Page 38], to deduce that the homomorphism
p∗ : [HP 4, T op/O]→[S19, T op/O]
is trivial as in (i). Therefore, from the exact sequence (3.1), it follows that there is an exact
sequence
0→ Z24 → C(HP 5)→ Z2 → 0.
Hence we have, C(HP 5) ∼= Z24 ⊕ Z2 or Z48. 
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4. Smooth Free actions of S3 on Homotopy Spheres
The topic of the existence and classification of free actions of S1 and S3 on exotic spheres
is of considerable interest. It is well known that these are the only compact connected Lie
groups which have free differentiable actions on homotopy spheres [3]. In fact one may
prove that Zp × Zp does not act freely on a sphere, so that any Lie group acting freely on
a sphere must have rank 1.
For spheres acting on spheres, it follows from Gleason’s lemma [7] that such an action is
always a principal fibration. These actions are homotopy equivalent to the classical Hopf
fibrations [32] (S2n+1 → CPn for S1-actions and S4n+3 → HPn for S3-actions). However
as smooth actions, there might be many inequivalent ones. Among many results in this
regard, Hsiang [9] has shown that in fact, there are always infinitely many differentiably
inequivalent free actions of S3 (respectively, of S1) on Σ4n+3 (respectively on Σ2n+1) for
n ≥ 2 (respectively, for n ≥ 4). Our interest lies in the case of S3-actions.
It is also known that equivariant diffeomorphism classes of differentiable, fixed point free
S3 actions on homotopy (4n + 3)-spheres, n ≥ 2, correspond bijectively with equivalence
classes of homotopy smoothings of HPn. The correspondence is defined as follows. If S3
acts on Σ4n+3, then, Σ4n+3/S3 = P ' HPn. On the other hand if P 4n is smooth and
homotopy equivalent to HPn, then there is a pullback
M4n+3

h˜ // S4n+3

P 4n
h // HPn.
It follows easily that the map h˜ is a homotopy equivalence so that M is an exotic sphere
Σ4n+3.
G. Brumfiel [5, 6] has found all possible homotopy spheres in dimensions 9, 11 and 13
which admit free differentiable actions of S1. He also studied the free differentiable actions
of S1 on homotopy spheres which do not bound pi-manifolds. Following Brumfiel, we study
here all possible homotopy spheres which admit free differentiable actions of S3.
We start by recalling some facts from smoothing theory [5, 6]. Recall that the smooth
structure set on a manifold N is defined as
SDiff (N) = {(P, f) | f : P '→ N}/ ∼,
where f0 : P0 → N and f1 : P1 → N are related by ∼ if there is a diffeomorphism
g : P0 → P1 such that the composition f1 ◦ g is homotopic to f0.
One may slightly extend this definition of a structure set SDiff . Let Mk, k ≥ 6, be a
simply connected, oriented, closed combinatorial manifold with a differentiable structure
in the complement of a point. Let Mk0 = M
k \ int(Dk), where Dk is a combinatorially
embedded disc. Mk0 inherits a differentiable structure from M
k \ {p}, hence ∂Mk0 belongs
to Θk−1. Following Sullivan, two homotopy smoothings, h : (M
′
0, ∂M
′
0) → (M0, ∂M0) and
g : (M
′′
0 , ∂M
′′
0 )→ (M0, ∂M0) are called equivalent if there is a diffeomorphism f : M
′
0 →M
′′
0
such that h is homotopic to g ◦ f . The set of equivalence classes is denoted by SDiff (M0).
In [30], Sullivan constructs a bijection θ : SDiff (M0)
∼=→ [M0, F/O]. Thus, if h : M ′0 → M0
represents an element of SDiff (M0), the formula dθ(M ′0, h) = ∂M
′
0 − ∂M0 defines a map
d : [M0, F/O]→ Θk−1. Further, if v ∈ [Mk0 , PL/O] then
dv = ∂∗(v) ∈ pik−1(PL/O) = Θk−1,
where ∂ : Sk−1 → Mk0 represents the homotopy class of the inclusion of the boundary
∂M0 → M0. In particular, d : [M0, PL/O] → Θk−1 is a group homomorphism. Let
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M = HPn and HPn+10 is regarded as the total space of the D4 bundle H over HPn. Thus
there are maps
S4n+3 = ∂HPn+10
i→ HPn+10 H→ HPn
which induces
[HPn, F/O] H
∗→ [HPn+10 , F/O] θ→ SDiff (HPn+10 ) i
∗→ Θ4n+3,
where i∗ is the map which assigns to a homotopy smoothing of HPn+10 its boundary,
which is a homotopy sphere. Note that i∗ ◦ θ = d. We will denote the composition
i∗ ◦ θ ◦H∗ : [HPn, F/O]→ Θ4n+3 itself by d.
The proof of [5, Preposition 1.1] and [5, Lemma 6.1] work verbatim for HPn. So, we have
the following results:
Proposition 4.1. Let f : P 4n → HPn in SDiff (HPn) correspond to the S3 action on
Σ4n+3. Then Σ4n+3 = d(P 4n, f).
C(M) = {(N, f) | f : N →M homeomorphism}/ ∼
Two homeomorphisms f : N → M where f0 : N0 → M and f1 : N1 → M are related by ∼
if there is a diffeomorphism g : N0 → N1 such that the composition f1 ◦ g is topologically
concordant to f0, i.e., there exists a homeomorphism F : N0 × [0, 1]→M × [0, 1] such that
F|N0×0 = f10 and F|N0×1 = f1 ◦ g.
Lemma 4.2. Let g ∈ [HPn, PL/O] correspond to the smoothing P 4n of HPn. Then the
composition
HPn+10
H→ HPn g→ PL/O
corresponds to a smoothing of HPn+10 which coincides with the natural smooth structure,
say P 4n+40 , on the Hopf disc bundle over P
4n.
Proposition 4.1 and Lemma 4.2 imply that the homomorphism d : [HPn, PL/O] →
Θ4n+3 = pi4n+3(PL/O) (n ≥ 1) coincides with the map [HPn, PL/O] p
∗
→ pi4n+3(PL/O)
induced by the Hopf map p : S4n+3 → HPn. Therefore we have :
Lemma 4.3. A homotopy sphere Σ4n+3 admits a differentiable free S3-action such that
the orbit space is PL-homeomorphic to HPn if and only if Σ4n+3 corresponds to a com-
position S4n+3
p→ HPn g→ PL/O for some map g, by the natural isomorphism Θ4n+3 ∼=
pi4n+3(PL/O).
Remark 4.4. Note from Proposition 4.1 that if f : P 4n → HPn in SDiff (HPn) corresponds
to the S3 action on Σ4n+3, then d(P 4n, h) = Σ4n+3. This shows that the image of the
composition
SDiff (HPn) ↪→ [HPn, F/O] d→ Θ4n+3
coincides with the set of homotopy (4n+ 3)-spheres which admit free S3 actions.
From the proof of Theorem 3.1((i),(ii),(iii)), we get :
Theorem 4.5. (i) p∗ : [HP 2, T op/O]−→[S11, T op/O] is the zero map.
(ii) p∗ : [HP 3, T op/O]−→[S15, T op/O] is injective,
(iii) p∗ : [HP 4, T op/O]−→[S19, T op/O] is the zero map.
By Lemma 4.3 and Theorem 4.5, we have the following:
Theorem 4.6. There exists no differentiable free action of S3 on an exotic sphere Σ4n+3
such that the orbit space is PL-homeomorphic to the quaternionic projective space HPn
when n is any of 2, 4.
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Theorem 4.7. There exists an exotic 15-sphere Σ15 which does not bound a manifold
such that Σ15 admits a free differentiable action of S3 such that the orbit space is PL-
homeomorphic to the quaternionic projective space HP 3.
5. The Smooth Tangential Structures
Following [17, 23, 25], the study of manifolds of the same tangential homotopy type as
HPn was given in [8]. Recall that two manifolds N and M are called tangentially homotopy
equivalent if there is a homotopy equivalence f : N → M such that for some integers k, l,
f∗T (M)⊕ kN ∼= T (N)⊕ lN . The tangential smooth structure set of M , θ(M) is defined as
the set
{(N, f) | f : N →M tangential homotopy equivalence}/ ∼
where f0 : N0 → M and f1 : N1 → M are related by ∼ if there is a diffeomorphism
g : N0 → N1 such that the composition f1 ◦ g is homotopic to f0.
For M = HPn, N. Hertz [8] gave an inductive geometric procedure where by represen-
tatives for all elements of θ(HPn) may be constructed from elements of θ(HPn−1) and
showed that θ(HP 2) contains atmost two elements. In [11, Corollary 3.4], it was showed
that θ(HP 2) contains exactly two elements, namely θ(HP 2) ∼= {HP 2#Σ8,HP 2} ∼= Z2. In
this section, we are interested to compute the structure set θ(HPn) for n = 3, 4 and 5.
Let M be a closed smooth manifold homotopy equivalent to HPn, n ≥ 2. By the surgery
exact sequence([4]), we have
0→ SDiff (M)→ [M,F/O] σ−→ L4n(e).
To study [M,F/O] we use the exact sequence
K˜O
−1
(M)→ [M,SF ] φ∗−→ [M,F/O]→ K˜O0(M)→ J¯(M).
induced from fibrations
SO → SF φ−→ F/O → BSO → BSF.
Since K˜O
0
(M) is free abelian group ([31]), it follows that the image
Im (φ∗ : [M,SF ]→ [M,F/O])
is the torsion subgroup of [M,F/O]. If the homotopy equivalence f : N → M represents
an element of SDiff (M), its image in K˜O0(M) is given by
(f−1)∗T 0N − T 0M,
where T 0(N) is the stable tangent bundle of N . Thus, a normal map ϕ ∈ [M,F/O]
represents a tangential smoothing structure for M if and only if ϕ ∈ Im (φ∗ : [M,SF ] →
[M,F/O]) and σ(ϕ) = 0. Therefore we have the following result:
Corollary 5.1. Let M be a closed smooth manifold homotopy equivalent to HPn, n ≥ 2.
Then θ(M) = Ker{σ : Im (φ∗ : [M,SF ]→ [M,F/O])→ L4n(e)}.
Now we prove the following.
Theorem 5.2. Let M be a closed smooth manifold homotopy equivalent to HPn, n ≥ 2.
Then
Im(φ∗ : [M,SF ]→ [M,F/O]) = Im(ψ∗ : [M,Top/O]→ [M,F/O]).
Proof. The proof follows from the argument given in the proof of Theorem 5.2 in [13] by
noting that K˜O
0
(M) is free abelian group and Hk(M ;Z) = 0 for all k 6≡ 0 mod 4. 
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Theorem 5.3. Let M be a closed smooth manifold homotopy equivalent to HPn, n ≥ 2. If
a smooth manifold N is tangential homotopy equivalent to M , then N is homeomorphic to
M .
Proof. This follows by the same argument given in the proof of Theorem 5.4 in [13] by using
Theorem 5.2. 
Theorem 5.4. Let M be a closed smooth manifold homotopy equivalent to HPn, n ≥ 2.
Then θ(M) ∼= C(M).
Proof. The smooth structure set SDiff (M) fits into the following surgery exact sequence
SDiff (M) inj↪−−→ [M,F/O] σ−→ L4n(Z).
Thus, a normal map ϕ ∈ [M,F/O] represents a homotopy smoothing structure for M if
and only if σ(ϕ) = 0. Observe that if ϕ lies in the image
[M,Top/O]
ψ∗
↪−→ SDiff (M) inj↪−−→ [M,F/O],
then σ(ϕ) = 0. Therefore the surgery obstruction
σ : Im(ψ∗ : [M,Top/O]→ [M,F/O])→ L4n(Z)
is the zero map. Now by Theorem 5.2 and Corollary 5.1, we get that
θ(M) ∼= Im(ψ∗ : [M,Top/O]→ [M,F/O]).
Thus, by noticing that ψ∗ : [M,Top/O]→ [M,F/O] is monic and [M,Top/O] ∼= C(M), we
have θ(M) ∼= C(M).The proof of the claim is completed. 
As a consequence of Theorem 5.4 and Theorem 3.1, we get the following results.
Theorem 5.5.
(i) θ(HP 3) ∼= Z2.
(ii) θ(HP 4) =
{
[(HP 4#Σ] | Σ ∈ Θ16
} ∼= Z2.
(iii) θ(HP 5) is isomorphic to either Z24 ⊕ Z2 or Z48.
Theorem 5.5 immediately implies the following result.
Corollary 5.6. Let M be a smooth manifold tangential homotopy equivalent to HP 4. Then
there is a homotopy 16-sphere Σ such that M is diffeomorphic to HP 4#Σ.
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